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‘ KOILMOGOROV~TYFE TESTS FOR EXPONENTIALITY

WHEN THE SCALE PARAMETER I35 UNKNOWN

by

M. A. Stephens*
MeGill University and Stanford University

Summary.

This paper shows how four statistics (Kolmogorov-Smirnov, Cramer-
von Mises, and the Kuiper and Watson extensions) may be used to test
whether a given sample comes from the exponential distribution with
unknown parameter. Simple modifications of the basic definitions make
it possible to use each statistic with only one line of percentage
points: in turn, these may be reduced to chi-square points. The tests
arve powerful than the usual Pearson chi-square test, and are very well

adapted for use with a computer.

1.1 Introdurtion,

Suppose & random sample consists of n values xl,x,),...,xn .
o
We wish to tezt the null hypothesis Ho: the sample comes from the

2xponential distribution, with distribution function and density:

(1) P(x) = 1-e %X, f£(x) -0, x>50.

#
This work was supported also by the Natior ‘1 Research Council of
Csnada.




The parameter @ is rnot known, and will be estimated by the maximum
likelihood estimator 5 = 1/x . The tests given will us Kolmogorov-
type statistics, i.e. those based on a measure of the diff'erence between
the sample (or empiricel) distribution function Fn(x) and the hypothe-
sised distribution function F(x). We shall consider four of these
statistics, usually known by D {(Kolmogorov-Smirnov), W2 (Ciumer-

von Mises), V (Kuiper) and U2 (Watson); customarily, thev are

given a suffix n to show the dependence of their distributions on

sample size, but this will be omitted.

1.2 Null Distributions of Kolmogorov-type Statistics.

Kolmogorov-type statistics are used to test whether a random
sample comes from a given distribution; let the distribution function
be G(x), to distinguish from the special F(x) defined in (1). By
null distribution is meant the distribvtion of the test statistic when
the null hypothesis is true. It is well known that when G(x) is
completely specified, the null distributions of the four ¢ iatistics
above do not depend on G(x), but only on sumple size n; these
distributions have #ll been tabulated, so that the goodness-of-fit
test 1s available., Further, the statistics have recently been moditfied
to remove the dependence on sample size (Stephens, 1970). When G(x)
contains one or more parumeters which must be estimated from the
sample, the nuil distributions are changed, and the standard percentage
points of D, we, V and U2 do not apply. 1t has been shown that, for

certain types of parameter, and for certain estimators, the null
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distribution will depend on the family of distributions specified by
G(x), bdbut not on the specific true parameter values (Darling, 1955).
This will be so for the situation treated in this paper, where ¢ in
(1) is a scale parameter and 3 is the maximum likelihood estimator.
Nevertheless, the exact null distributions of the test statistics are
gtil1) Aiffiendt to find; this paper gives Monte Carlo results for the
percentage points. Modificatiorsof the test statistics are also given;
the modified test statistics each require only one line of percentage
points, independent of n. These in turn may be reduced to values in a
chi-square table. Results for the statistic D have been given also

by Lilliefors (1969).

1.3 Practical Considerations.

It has been well 'nown that Kolmogorov-type statistics possess good
power properties compared with the Pearson chi-square statistic;
difficulty of calculation, together with the fact that G(x) had to be
completely specified, has presumably inhibited their use until now. For
the present application there are several merits to the statistics:

(a) the difficulty of estimating the parameter has been removed;

(b) the power properties will still be good (see gsection 2.9); (c) with
a computer routine, the statistics are easy to calculate, and, with the
modifications removing the need for long tables of percentage points,
the tests become extremely easy to apply. Similar remarks apply to
testing for the normal distribution when parameters are not known;

recent work on this subject is in Lilliefors (1967) and Stephens (1969a).




in section 2 the test of Ho is set out. The formulas given for
D, wg, Vv and U2 come from their definiticns, with the estimate of
6 used in F(x). The modifications are then given, and the percentage
roints of the modified forms are in Table 1. These percentage points
are the points for the asymptotic distributions of /n D, We, n v,
U2, assuming Ho true and the estimate of 9 wused. It is possible
to get some theoretical results on the asymptotic distributions of W2
and U2 and these are used to give X2 approximations to the percentage
points; similar Xe approximations are given also for D and V. A

short table of smootned Monte Carlo points for the unmodified statistics

is included; comparison may then be made with the results, for D, of

rilliefors (1969).

2. Kolmogorov-type Statistics: Modifications for Testing for

The Exponential Distributions.

2.1. The test is of Ho: that a given random sample of size n comes

from F(x) - l-e‘b‘, £ unknown. For all the four statistics we first

follow tnese steps,

(a) Assume the x i=1,2,...,n, are in ascending order.

i’

(b) Calculate i, the mean of the sample, and *‘“e values

yi kX, §i=1,2,...,0 .

i
(c) Celculate 2z, = l»exp(-yi). £-1,2,...,0 .

The “our statistics are calculated from the 2z values.
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Calculate D = max (i/n-zi), D~ = max (zi-(i-l)/n) and
i i

Test of Ho. Compare D* with its upper tail percentage
points given in Table 1: ir D* exceeds a given value,

reject Ho at the corresponding significance level.

Test of Ho. Compare W* with its upper tail percentage

. - o . , + -
calculate T, I ag in section 2.0, and V =D + D .

The Kolmogorov Statistic D.
(1)
+ Y
D = max (D ,D
(2) Modification. Calculate
D+ = (D-0.2/n) (Va + 0.26 + 0.5/vn)
(3)
5 - . 2
The (ramer-von Mises Statistic W .
(1) calculate Woer (zi-(ei-l)/an)“ +1/(12n).
i
(2) Modification. Calculate W* = W {1+0.16/n).
(3)
points, given in Table 1.
The Kujpe- Statistic V.
1)
() Modifica'ion. ‘alculate
Ve o (v-0.27n) (Vi ¢ 0,20+ 0.3%/Vh)
(%)

Tegt of Ho. “ompare Y* witii its upper tall percentage

points, given in Teble 1.




2.5 The Watson Statistic U2.

2

(1) Calculate WS, as in section 2.3, and then U2 = W2-n(2 - %) y

vhere 2z 1is the mean of 2,5 leeo, z =% zi/n .
i

(2) Modification. Calculate U* = e (1+0.16/n) .

(3) Test of H,. Compare U* with its upper tail percentage

points, in Table 1.

2.6 Table of Percentage Points.

The percentage poiuts for each statistic, for values of n = 6,8,
10,16, 20, 40,50,60,80,100, wer2 found by drawing Monte Carlo samples
from f(x) = e'x, and then calculating the statistics. 10,000 samples
were drawn for each n. The percentage points for /i D were plotted
against 1/n, and extrapolated to 1/n = 0 to give the asymptotic
points for Vo D; these are the same as those for D*, quoted in Table
l. Similarly for the other statistics; the points in Table 1 are the
asymptotic points for w:, yav, and U2. The actual percentage points,
at the 54 and 1¢ level, obtained from the smoothed graphs, are given in
Table ¢. Those tor vn D may be compared with those for D 1in
Lilliefors (1%69). They give excellent agreement for low values of &}
for higher n, Lilliefors' asymptotic values are lover than those irn
Table 1, but are based on samples not larger than 35. In Table 3, we
give a table of estimated moments of the distributions; for a statirtic,
say T, we give m = (sum of 10,000 T.values)/10,000, &nd similarly

m, = AN Tk/lo,OOO, for k =2, 3 and 4. These will be of interest if wiy




attempt can be made on the exact distributicns of *‘he four statistics.

2,7 Modifications.

The modifications etfectively yive approximations for the percentage
points of a statistic; for example, ¢etting D* = 0.99 and solving
for D, for any n, finds an approximation to the 104 point for D
at that value of n. Table 4 compares the approximations with the smoothed
Monte Carlo values., TIf &' is ‘he true significance level attained by
an ayproximate point calculated for level o, ‘the error 12t -l can

be seen to be negligible.

2.8 hni-square Approximations '¢ True Asymprotic Foints.

An excellent approximation to the percentage points for D%, given

in Tabie 1, is
() Da{a) Q.01+ O DAL N L),

Whnere Dol and \ () sre ‘te upper tail perren‘age points, at

level 2. of T* and of \° wi'h IO deprees of freedom. .uch an
spproxima’ ion ia useful for computer work; r»i.en a semple, Eo is
tegted 02 exleulating T, *hen DY, s cnen U (De=0,017) 000

U is tnen output and referred to the upper 'sii of ‘he N\, tatle.
o

Shi-sguare approximntions are also usef™il Jn comlinefuns of ‘ests.

i)
LY

For the approxima:ion (2), ti.e degrrees or freedom of ' was
crosen Lo pave 'he earvature in the tail ~loge 'o that of I'*. ["trictly,

‘{o 16 eligntly tetter; ™t tne T is derived {rom Moi'e 'marlo resul's,
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and X;9 is often not tabulated, so Xgo was used. The constants
0.017 and 0.0343 were found by matching the 54 and 14 points.

Table 5 concains the percentage points given by this appreximation

and those for V, We and U2 which follow. Comparison with the Monte
Carle points, from Table 1, shows that they are all very good. The V¥*

approximation, obtained as for D*, is

(3) v*(a) = -0.3% + 0.0295 Xgo(a) .

2.8 For the w2 and U2 slatistics, further information is available
on the asymptotic distributions; the mean g and variance 02 may be
found exactly by method: of D.rling (1955). Darling gives, for the
asymptotic distribution of W2, u = 0.09259 and 02 = 0.004357;
similar calculations for U2 rive 4 = 0.07176 and 02 = 0.0019838
(Stepnens, 1969b). This information may be incorporated to give

a + bxi approximations in several ways; for a full discussion, see
Stephens (1559a), where the technique was applied in connection with
tests for normelity. We give here the approximations obtaired by

choosing p as before, and then matching the mean and the 5% point.

They are:
(4) Wr(a) = 0.0460 + 0,0466 xf(a) ;
(5) U*(a@) = 0.0265 + 0.0266 x,g(a) .




Pereentage points piven oy these sprroximatiorns are in Table 4, together
wi*rn the means and variances. Ine latter compare excellently with the

exect velues quoted above.

2.9 Tower of tne Tests,

"t nas been mentioned thet ¥olmogorov-type statistics would be
expected to be more powerful than the ususl Pearson chi-square statis-
tic in the situation considered nere. Lilliefore (1969) has confirmed
this, for the ststisnic [, and ness also given some comparisons, for

-

strivution of tne ssmpie is actually X{ or lognormal.

[N

D, when the d
le have supplemented Lilliefors' results by also taking Monte Carlo
sgmples from these two distributions, so that the four statistics may
be compared. Samples were als30 tsken From the half-normal distribution;
i.e., ® wss chosen froma MJ,1) porulation and the absolute value
of x used as the sampie observetion. Results are given in Table 6.

-~

N N . . -vd . ]

W seems a better statistic than D, and U than V. Since W2
'12 3 ' 1 " . I3

and U are esseantially s meaaure of tne "sum of tne discrepancies

tetween Fn(x) snd Fix, &t =very point, they might be expected to

detect more subtle depurtures from the nuil hypothesis than D or V;
2

v
. 2 . . . . .
wher U 13 tetter thsn W is itself an interesting question. There

s

are, of course, many other ways of testing for exponentiality; other

power comparisons sre being made and will be published separately.
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Upper tail percentage points of modified Kolmogorov-type statistics

TADLE 1

Statistic

D¥%

W

e

% level
N——
——e - \‘

10 5 2.5 1
0.990 1.094% 1.190 1.308
0.178 0.225 0.276 0.349
1.527 1.655 1.774 1.910
0.131 0.162 0.193 0.233

1




TABLE 2

. -,
5% and 1% Upper tail percentage points for JED, W2, JEV, and U

for use in testing for exponentiality when the scale parameter must

beestimated.

—
e v et o

JaD W Jav -yt
n 5% 1% 5% 1% 5% 1% | 5% 1%
6 | 1.006 1.174 0.216  0.317 1.733 [0.158 0.224
8 |1.017 1.197 0.219 .325 | 1.537  1.757 | .159  .226
10 | 1.025 1.212 .220 .330 1.551 1.776 .159 .227
12 | 1.033  1.223 .221 334 | 1.562  1.790 | .160  .228
15 {1062 135 | .22 .337 | 1.574 1.808 | .160  .229
20 | 1.052 1.248 .223 .340 | 1.587  1.828 | .160  .230
25 | 1.058 1.258 224 342 | 1.597 1.840 | ..161 .23l
30 | 1.064 1.264 . 224 344 | 1.606 1.838 | .161  .231
40 {1.070 1.274 . 224 345 | 1.614  1.861 | .161  .231
50 {1,074 1.278 .225 346 | 1.621 1.868 | .161  .232
100 | 1.083 1.291 .225 .348 | 1.638  1.889 | .162  .233

12
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TABLE 4

Comparison of Monte Carlo and approximate percentage points

for four Statistics

The values given are for the 5% and IZ Upper tail percentage points

Statistic  VaD W Jav v
n % Level: 5 1 5. 1 5 1 5 1
10 M.cC. 1.025 1,212 0.220  .330 1.551 1.776 0.159  0.227
Approx. 1.030 1.219 .221  .343 1.553 1,783  .159 .229
20 M.C. 1.052 1.248 .223  .340 1.587 1.828  .160 .230
Approx. 1.055 1.252 .223  .346 1.590 1.828 .16l .231
50 M.C. 1.074 1.278 .225  .346 1.621 . 1.868 .16l .232
dpprox. 1.07 1,28  .224  .348 1.62  1.87 .161 .232
100  M.C. 1.083 1.291 .225  .348 1.638 1.889  .162 .233
Approx. 1.08 1,29  ,225  .348 1.64  1.89 .162 .233

14




TABLE 5

. Chi-square Approximations for Asymptotic Distributions

Percentage Points
Statistic L
2 : D

u o 10 5 2.5 1.

—

D 0.70 0.047 0.991 1.094 1.190 1.308
l W 0.0926  '0.00434 | 0.172 0.225 0.280 0.355
' v 1.14 0.087 1.528 1.655 1.771 1.910
' U 0.0718  0.00204 | 0.131 0.162 0.193 0.233
¥
i
N
;|
| 15




TABLE 6

Power Comparisons

The table gives the perceantage of 1000 samples significant, when the test for

exponentiality was applied at the 10% level, and the true disiribution is as .

-

-

shown, n 1is the number in each sample.

Sample Size | Statistic @
n Distribution D W ) U
10 xf : 316 49 291 302
20 )f 545 599 473 498
10 lognormal 170 171 155 173
20 lognor.aal 206 213 197 229
10 halfnormal 201 216 184 200
20 halfnormal 305 337 257 . 281

16
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